EXAMINATION

14 May 2021

Subject A211 — Financial Mathematics

Time allowed:
Two hours and fifteen minutes — examination time

20 minutes (at the end of the examination) — scan and upload time

INSTRUCTIONS TO THE CANDIDATE

1. Once you have entered the ASSA Exam Platform, ensure that you have accessed the
Video Room Invigilation link with both your camera and microphone on, before you
attempt the examination.

2. Your PC must be placed, and camera angled, so that your writing area on your desk is
visible to the invigilator.

3. Ensure that you have your candidate number handy to input as part of the 2 hours 15
minutes examination. Write your candidate number at the top of each page. (DO NOT
WRITE YOUR NAME OR MEMBER NUMBER.)

4. Your cell phone that will be used to scan your final answer script must be switched OFF
during the 2 hours and 15 minutes examination time. Place your cell phone at the top of
your examination pad / writing pages in view of the invigilator.

5. You are strongly encouraged to use the first 15 minutes as reading time only, however, you
may commence answering the paper whenever you are ready. You then have two hours to
complete the paper.

6. Questions are only available in the ASSA Exam Platform and may not be printed or copied
outside of the ASSA Exam Platform.

7. You are required to write your answers on a clean A4 examination pad. Write only on 1
side of the paper and number your pages.
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8. Attempt all questions, beginning your answer to each question on a new page and
numbering your answers clearly.

9. Write in black or dark blue pen.
10. You should show calculations where this is appropriate.

11. You MAY NOT use any computer program (e.g. email, MS Word or Excel), files or open
any other browsers or browser tabs during the examination time.

12. You MAY NOT make use of a Formulae and Tables book during the examination. Any
such information that may be required will be provided to you within the examination.

13. Mark allocations are shown in brackets.

14. You may use additional scrap paper to make notes where this is appropriate. This paper
MUST NOT BE SCANNED as part of your answer script.

15. Assume that months are all of equal length, unless otherwise stated.

16. At the end of the 2 hours and 15 minutes examination time, you must stop writing and
may start scanning and uploading your script. Do not continue writing into upload time.

17. Access to your PC will be opened-up after the examination time so you can access your
scanned file. You may now also switch on your cell phone to scan.

18. Scan ALL your answer pages to .pdf so that your candidate number at the top of the page
is clear.

19. Save your .pdf scanned file using your candidate number as file name. (DO NOT USE
YOUR NAME OR MEMBER NUMBER AS FILE NAME.)

20. Transfer your .pdf script to your PC and click on the UPLOAD ANSWERS link below the
examination paper link.

21. Upload your answer file into the ASSA Exam Platform and ensure you click on FINISH
below the upload box and again on FINISH all and SUBMIT, before the 20 minute
upload time is Up. (If the status on the summary page indicates “Answer saved” your file
was uploaded. You can click on Review attempt to see the file you have uploaded)

Note: The Actuarial Society of South Africa will not be held responsible for any late
submissions or loss of data where candidates have not followed instructions as set out
above.

END OF INSTRUCTIONS

A211 A2021 Page 2 of 10 ©Actuarial Society of South Africa



QUESTION 1

The news of COVID-19 spreading across the world led a group of researchers to develop a model,
called the S—1—R model, to estimate the number of COVID-19 positive cases at any point in
time. In the model
e S = Susceptible, those without the virus but can be infected
e | = Infected, those who have been infected by the virus and
e R = Removed, those who have either died or have recovered from the virus infection or
are immune to the virus

Assume that:
e The population of any country is divided into the three categories of S, I and R.
e The number of new infections is a result of the interaction between members of the three
categories.
e The rates of interaction between the categories are stipulated as «,, «, and «,, respectively.

e S+1+R = N isconstant (national population) at all t where t > 0.

List five factors to consider when assessing the suitability of the proposed modelling approach and
for each listed factor explain whether this model meets the suitability requirements in this context.

[Total 7]
QUESTION 2
. 1 1 1
I Prove that — = —+——, where p can be any natural number and
d® " p i®
d® = nominal discount rate compounded p -thly per annum and
i = nominal interest rate compounded p -thly per annum. [4]

ii. Explain how the identity in (i) can also describe the relationship between the present
values of two perpetuities, each paying 1 per annum p times per year, where the one

perpetuity is payable in advance and the other is payable in arrears. [3]
[Total 7]

QUESTION 3
Describe briefly the three most popular theories used to explain the term structure of interest rates.
[Total 4]
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QUESTION 4

I. The force of interest o(t), at time tis given by

0.03 if t<8
6(t) = .
0.05 if t>8

where t is measured in years.

Calculate the present value at time t=0 of a continuous payment stream payable at a rate
of p(t) =5e"™" per year from time t=0 to time t=15. [10]

ii. The half-yearly effective rate of interest is 2.5%.

a. Calculate the equivalent annual nominal rate of discount, convertible every four
months. [2]
b. Calculate the equivalent rate of interest denoted by i(%) . [2]
[Total 14]
QUESTION 5

A listed company has liabilities of R100 million due in ten years’ time and R200 million due in 15
years’ time. It also owns assets consisting of two zero-coupon bonds, one paying R74.04 million
in two years’ time and the other paying R318.34 million in 25 years’ time. The current interest rate
is 7% per annum effective.

I Show that Redington's first two conditions for immunisation against small changes in the
rate of interest are satisfied for this company.

Work in millions and allow for rounding to two decimal places in your final answers.

[7]

PLEASE TURN OVER
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A211 A2021

Compound Interest

n o,
n 1+ 5 ay  (ayy (Da n 7%
1 107000 093458 1.0000 09346 09346 09346 1| 0.070 000
2 1.14490 087344 20700 18080 26815 27426 2| 4@ 0.068 816
3 122504 081630 32149 26243 51304 53669 3| ;

4 131080 0.762 44399 33872 81819 87541 4| & 0.068 234
5 140255 071299 57507 41002 117469 128543 5| s 0.067 850
6 150073 066634 71533 47665 157449 176209 6
7 160578 062275 86540 53893 201042 230102 7|98 0.067 659
8§ 171819 058201 102598 59713 247602 289814 8
9 183846 0354393 119780 65152 296556 354967 9| a0 1034408
10 196715 0350835 138164 70236 347391 425203 10 :
Q+ ¥ 1017059
11 2.10485 047509 157836 74987 399652 500189 11 e
12 225219 044401 178885 79427 452933 579616 12 | Q+d)"" 1005654
13 240985 0414 201406 83577 506878 663193 13
14 257853 038782 25505 87455 361173  T50647 14 [ 0.934 579
15 275903 036245 251290 91079 615540 841727 15 :
W2 0.966 736
16 295216 033873 278881 94466 669737 936193 16 [ yu 0,983 278
17 3.15882 031657 30.8402 97632 723555 1033825 17 : i
18 337993 029586 339990 100591 776810 1134416 18 |W* 0994378
19 361653 027651 373790 103356 829347 1237772 19

20 386968 025842 409955 105940 881031 1343712 20| 4 0.065 421
21 414056 024151 448652 108355 93.1748 1452068 21 | 4  0.066527
22 443040 022571 490057 11.0612 981405 1562680 22 [ x4 (067090
23 474053 021095 534361 112722 1029923 1675402 23 5 2
24 507237 019715 581767 114693 107.7238 179.0095 24 | 4™  0.067468

25 542743 018425 632490 116536 1123301 1906631 25

=i A2
26 580735 017220 686765 118258 1168071 2024889 26 | ¥/77 1017204

27 621387 0.16093 744838 119867 1211523 2144756 27 | i/#¥ 1025880
28 664884 0.15040 806977 121371 1253635 2266127 28 | ..o 031601
29 711426 0.14056 873465 122777 1294399 2388904 29 :

30 761226 013137 944608 124090 1333809 251.2994 30
ild 1.034 605

31 814511 012277 1020730 125318 137.1868 263.8312 31
32 871527 011474 1102182 126466 1408585 2764778 32 | ..o 052204
33 932534 010723 1189334 127538 1443973 289.2316 33 | ¥ 0oz 4
34 997811 010022 1282588 128540 1478047 3020856 34 | i7d® 1.043380
35 1067658 009366 1382369 129477 1510829 3150333 35 ( . oy | ooocoe
36 1142394 008754 1489135 13.0352 1542342 3280685 36
37 1222362 008181 1603374 131170 1572612 3411855 37
38 1307927 007646 1725610 13.1935 1601665 3543790 38
39 1399482 007146 1856403 132649 1629533 367.6439 39

40 1497446 006678 1996351 133317 1656245 3809756 40

4] 1602267 006241 2146096 133941 1681833 3943697 41

42 1714426 005833 2306322 134524 1706331 4078222 42

43 1834435 005451 2477765 13.5070 1729772 4213291 43

44 1962846 005095 2661209 13.5579 1752188 4348870 4

45 2100245 004761 2857493 136055 1773614 4484925 45
46 2247262 004450 3067518 13.6500 1794084 462.1426 46

47 2404571 004159 3292244 136916 1813630 4758342 47

48 2572891 0.03887 353.2701 13.7305 1832286 489.5647 48

49 2752993 003632 3789990 13.7668 185.0085 503.3314 49
50 2945703 003395 4065289 138007 1867059 517.1322 30
60 5794643 001726  813.5204 140392 199.8069 6565831 60
70 11398939 000877 1614.1342 141604 2076789 797.7087 70
80 22423439 000446 3189.0627 142220 2122968 939.6856 80
90 441.10298 000227 6287.1854 142533 2149575 10820953 90

100 867.71633 0.00115 12381.6618 142693 2164693 12247250 100

59
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The interest rate then increases immediately to 8% per annum effective.

ii. Determine the present value of the profit or loss that the company will make at the new
increased interest rate. [2]

Compound Interest

=5 1 M
8% n (1+1) v s o (Ia)o (Dajq n
i 0080000 | 1 1.08000 0.92593 10000 09259 09259 09259 1
A noTadel | 2 116640 085734 20800 17833 26406 27092 2
” ' 3 125971 0.793 83 32464 25771 50221 52863 3
i 0077706 | 4 1.36049 073503 45061 33121 79622 §5984 4
a7 porroe | S 146533 (.680 38 58666 39927 113651 125911 3
g 1.58687 063017 73359 46220 151462 172140 8
& 0076961 | 7 171382 058349 89278 52064 192306 224204 7
1 1.85093 0.54027 106366 357466 213527 281670 8
Qs+ 1039230 | 2 1.99900 0.50023 124876 62469 280550 344139 9
M 10 215892 046319 144866 67101 326369 311240 10
@+¥ 1019427 11 233164 042858 166455 71390 374046 482629 11
. ra E Ris wi] - K o s

@+ 1006434 | 12 251817 038711 189771 735361 421700 357990 12
13 271962 036770 214953 79038 469501 637028 13
. porsos | 14 203710 034046 242149 32442 517165 TLM470 14
, St B & 317217 031524 271521 83593 564451 305063 15

v 0.962 250
S nosooss | 16 342594 029189 303243 88514 611154 893579 16
. : 17 370002 027027 337302 91216 657100 9847935 17
W17 0993607 | 18 399602 025023 374502 93719 702144 1078514 18
19 431570 023171 414463 96036 T461TO 1174550 19
d noTagTs | 20 466096 021435 457620 98181 789079 1272732 20
d® 0075499 | 71 5.03383% (19866 504229 100168 830797 1372900 21
a9 potens | 2 5436514 013394 554568 102007 87.1264 1474907 22
Bt It 587146 017032 608933 103711 910437 1578618 23

Jhz 0076713 | 4 634118 015770 667648 105288 548284 16839035 24
25 684848 014602 73.1059 106748 984789 1790653 23

i 1019615 | 0 739635 013520 795544 108100 1019941 1898753 26
fiY 1029519 | 27 798806 013519 873508 100352 1053742 2008104 27
dT losgisy |28 B62711 011591 953388 110511 1086198 2118615 28
| : 3% 931777 016733 1039659 111584 1117323 2930185 29

30 1006266 009938 1132832 112578 1147136 2342777 30
ii5 1039487

. 052 02 M5 . 5 2456275

3l 10.867 67 005202 1233459 113498 1175661 2456275 31
G dY 1059615 32 11.73T08 008520 1342135 114350 1202925 2570625 32
1 : - | 33 1267605 (0.07E 89 145.950 5139 1228958 2685764 33
id® lmesie | 34 1369013 0.073 05 158.626 3869 1253793 2801633 34
d™ 140804 35 14.785 34 0,067 63 172316 8 65346 1277466 2918179 35

36 15968 17 0062 62 187.1021 117172 1300010 3035351 36
7 17.24563 005799 2030703 117752 1321465 3153103 37
38 18.625 28 0.053 69 2203159 118389 1341868 3271391 38
39 2011530 04971 2389412 118786 1361256 3390177 39
40 2172452 004603 2590565 119246 1379668 3509423 40
41 2346248 (04262 280.7810 119672 1387143 3629096 41
42 2533548 003946 M35 120067 1413718 3749163 42

43 2736664 0036 54 3295830 1204
4 2955597 003383 356Me6 1207
45 3192045 003133 3865056 1210

45 3447409 002901 4184261 1213
47 3723201 Q02686 4529002 12164
48 4021057 002487 4901322 12189
49 4342742 002303 5303427 12212
50 46901 61 0.02132 5737702 1223

60 10135706 000988 12332133 1237 1586766 5952931 60
70 21860641 000457 27200801 124428 1639734 T194648 TO
80 47195483 Q00212 58869354 124735 1662736 8440811 80
90 101891509 000098 12 386 124877 1674803 9689033 90
100 219976126 000045 274845157 1245943 1681050 10938210 100

1429430 3869555 43
1444317 3990366 44
1458415 4111450 45

1471758 4232824 45
1484382 4354467 47
14963159 4476358 48
1507602 43598480 49
151.8263 4720814 50

[ I - . )
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iii. Explain the reason for the profit or loss with reference to Redington's theory of
immunisation. [4]

[Total 13]

QUESTION 6

An investor takes out a loan to be repaid monthly over 25 years.

The annual rate of interest is 8% compounded half-yearly and the monthly repayment is R300,
payable in arrears.

i Calculate the original size of the loan [3]

With each of the 84™ and 120" repayments of R300, the borrower repays an extra R1,000. The
borrower then renegotiates to repay the outstanding balance of the loan with equal monthly

repayments over eight years immediately following the 120" payment. A reduced annual effective
interest rate of 7% will be applicable to the new time period.

ii. Calculate the loan outstanding at the time of the 120" monthly repayment, after all
payments then due have been received. [4]

Now assume that the loan outstanding in (ii) has been calculated as R29,400.

iii.  Calculate the interest portion of the payment made exactly 15 years after the date of taking
out the original loan. [6]

[Total 13]

PLEASE TURN OVER

A211 A2021 Page 7 of 10 ©Actuarial Society of South Africa



QUESTION 7
The following investments were made on 15 January 2015.

Investment A
R10,000 was placed in a special savings account with a five-year term. The invested money
accumulated at the following interest rates:

Year | Effective interest rate per annum
1 3.5%
2 4.5%
3 5.5%
4 6.5%
5 7.5%

Investment B

R10,000 was invested in a zero coupon bond with a five-year term. The redemption proceeds were
increased by inflation as represented by the Retail Price Index (RPI) with a two month time lag.
In addition, simple interest was paid on the amount originally invested at a rate of 2.75% per
annum.

The RPI at various times was as follows:

Date RPI Date RPI Date RPI
15 Jan 2014 236.4 | 15 March 2014 | 235.1 15 Nov 2014 | 237.6
15 Jan 2015 240.0 15 March 2015 | 240.2 15 Nov 2015 | 243.7
15 Jan 2016 250.0 15 March 2016 | 251.7 15 Nov 2016 | 249.1
15 Jan 2017 264.4 | 15 March 2017 | 264.2 15 Nov 2017 | 267.8
15 Jan 2018 266.6 15 March 2018 | 267.3 15 Nov 2018 | 270.2
15 Jan 2019 270.4 | 15March 2019 | 271.0 15 Nov 2019 | 274.0
15 Jan 2020 275.6 15 March 2020 | 276.0 15 Nov 2020 | 280.2

Investment C
R10,000 was invested in a five-year annuity at an effective interest rate of 6.25% per annum. The
annuity provided annual payments in arrears.

i. Calculate the annual annuity payment, provided to the investor, by the annuity in
Investment C. [2]

il. Calculate the annual effective real rate of return earned on Investment A and on

Investment B over the period 15 January 2015 to 15 January 2020. [9]

iii. Show that the annual effective real rate of return earned on Investment C, over the period
15 January 2015 to 15 January 2020, is approximately 2.722%. [6]

[Total 17]

PLEASE TURN OVER
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QUESTION 8

Describe the cashflows for an investor who purchases a share in a company. The
company’s shares are listed on the JSE.

Include reference to the certainty/uncertainty of the cashflow. [4]

The value of a share is P, just after a dividend payment has been made. Let D be the
amount of the dividend payment that has just been paid.

Assume that:

e Dividends are paid annually in arrears.

e Dividends grow at a rate of g% per annum effective.

e Dividends continue into perpetuity.

e No allowance is made for the possibility that the company may default and the
dividend payments may cease.

e The interest rate used to value the share is 1% per annum effective.

Derive a formula for P in terms of D, g and i. [4]
An actuarial financial analyst is valuing two companies, Company A and Company B.
Company A is assumed to pay its first annual dividend after exactly six years. It is assumed
that the dividend will be R1.08 per share at that time. Annual dividends are then assumed
to grow at 10% per annum compound over the following six years and at 3% per annum
compound in perpetuity thereafter.

Company B is expected to pay an annual dividend of R0.75 per share in exactly one year.
Annual dividends are then expected to increase thereafter by R0.50 every year.
Company B is expected to reach the end of its profitable business period after 30 years and
at that time the share will be worthless.

The analyst values dividends from both shares at a rate of interest of 6% per annum
effective.

a. Calculate the value of a share in Company A. [9]
b. Calculate the value of a share in Company B. [4]
Subsequently, there is a general rise in interest rates and the analyst decides it is appropriate

to increase the valuation rate of interest to 7% per annum effective.

PLEASE TURN OVER
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C. Without doing any further calculations, explain what the influence of the increase
in the valuation rate of interest will be on the values calculated in (i) and (ii).
Include reference to the relative changes in the values. [4]

Compound Interest

6% no (140 v = a (Ia)y (Dayy n
i 0.060 000 1 L.0S000 0.943 40 10000 09434 05434 09434 1
e 0.059 126 2 112360 0.8%000 20600 18334 27234 2768 2
" e 1 119102 0.83962 11836 26730 52422 54498 3
i 0.058 695 4 126248 079209 43746 34651 84106 89149 4
fz 0.058 411 5 133823 074726 56371 42124 121469 131273 5
6 141852 070496 69753 49173 163767 18046 &
& 0.058 269 7 150363 0.66506 83938 55824 210321 236270 7
g8 159385 0.62741 98975 6209% 260514 298368 8
Q+¥2 1029563 9 168048 039190 114913 £8017 3L37ES 166385 9
S 10 1.79085 055839 131808 73601 369624 439385 10
A+¥* 1014674 )
. 11 189830 052679 149716 7.8869 427571 51.8854 11
Qe 1004868 [ 12 201220 049697 168599 53338 487207 602693 12
13 213293 046884 1888321 88527 48156 91220 13
v Do4330g | 14 226090 044230 210151 92950 6l00TE 784169 14
- 15 239636 041727 232760 97122 672668 531292 135
V¥ 0.971 286
oA pogssag | 16 254035 039365 256725 101059 Tis6S1 982351 16
R 17 269277 037136 282129 104773 798783 1087123 17
W 0995156 | 18 285434 033034 309057 108276 GB61345 1195399 1%
19 302560 033051 337600 111581 924643 1306931 19
d nosEe0s | 20 320714 031180 367856 114699 9ET004 1421630 20
dt! 0057428 | 21 339936 029416 399927 117641 1048776 1539321 21
J posTe47 | 22 360354 027751 433923 120416 1109827 1659736 22
- - 23 381975 026180 469958 123034 117041 1782770 23
dt 0058128 | 24 404893 024698 508156 125504 1229316 1908274 24
25 429187 023300 548545 127834 1287365 2036107 25
7 A2
0rt LO1ATEY | 5 454938 021981 59.1564 13.0032 1344716 2166139 26
iFY 1022227 | 27 482235 020737 637058 132105 1400705 2295244 27
g Lg7onn | 28 511169 019563 685281 134060 1455481 2432306 13
: - 29 341839 018456 736398 13.5907 1509003 2368213 29
30 574349 017411 790582 13.7648 1561236 2705861 30
ild 1.029 709
31 608510 016425 848017 139291 1612155 2845152 31
Gd? LosaTsy | 32 643339 015496 908898 140840 1661742 2985993 32
id L 2] 33 684050 014619 973432 142302 1700983 3128295 33
id® 1037127 | 34 725103 013791 1041838 143681 1756873 3271976 34
1 i1 35 768609 013011 1114348 144982 1802410 3418959 35
il 1.032211
36 814725 012274 1191209 146210 1846596 3363169 36
37 863609 011579 1272681 147368 1889440 3710537 37
38 915425 010924 1350042 148460 1930051 3858997 38
3@ 970351 010306 1450385 149491 1971142 4003488 39
40 1028572 009722 1547620 15.0463 2010031 4158951 40
41 1090286 0.09172 1630477 151380 2047636 4310331 41
42 1155703 008653 1759505 152245 2083978 4462576 42
43 12235045 008163 18735076 153062 2119078 4615638 43
44 1298548 007701 1997380 133832 2152962 4769470 44
45 1376461 007265 2127435 154558 2185655 4924028 45
46 1459049 006834 2263081 155244 2217182 3079272 446
47 1546592 006466 2410986 155890 2247572 5235162 &7
48 1639387 006100 2565845 156500 2276851 5391662 48
49 1737750 005755 2729384 137076 230548 3348738 49
50 1842015 005420 2903359 157619 2332192 5706357 S0
60 3298769 003031 5331282 161614 2552042 7308429 60
70 5907593 001693 9670322 163845 2697117 8935909 TO
80 10579599 000945 17465999 165091 2790584 10381812 30
90 18946451 000528 31410752 165787 2849733 12236883 90
100 339.30208 0.00295 56383581 166175 2886646 13397076 100
58
[Total 25]
[GRAND TOTAL 100]
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