EXAMINATION
10 May 2022

Subject A211 — Financial Mathematics

Time allowed:

Two hours and fifteen minutes — examination time

INSTRUCTIONS TO THE CANDIDATE

1. Ensure that you have your candidate number handy to input as part of the two hours 15
minutes examination. Write your candidate number at the top of each page. (DO NOT
WRITE YOUR NAME OR MEMBER NUMBER.)

2. You are strongly encouraged to use the first 15 minutes as reading time only, however, you
may commence answering the paper whenever you are ready. You then have two hours to
complete the paper.

3. Questions are only available on the ASSA Exam Platform and may not be printed or copied
outside of the ASSA Exam Platform.

4. You are required to write your answers on a clean A4 examination pad. Write only on one
side of the paper and number your pages.

5. Attempt all questions, beginning your answer to each question on a new page and
numbering your answers clearly.

6. Write in black or dark blue pen.
7. You should show calculations where this is appropriate.

8. You may not use any other computer program (e.g. Email, MS Word or Excel) or files, nor
open any other browser during the examination.

9. You MAY NOT make use of a Formulae and Tables book during the examination. Any such
information that may be required will be provided to you within the examination.

10. Mark allocations are shown in brackets.

11. You may use additional scrap paper to make notes where this is appropriate. This paper
MUST NOT BE HANDED IN as part of your answer script.
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12. Assume that months are all equal length, unless otherwise stated.

13. At the end of the examination time, you must stop writing and you will hand in your script
to the invigilator.

14. An option to opt out of the examination will become available one hour after the official
examination start time. If you select the Opt-Out option, you agree and understand that
your entire script/answers will be deleted and cannot be retrieved at a later stage and that
your script or part thereof will not be put forward for marking.

Note: The Actuarial Society of South Africa will not be held responsible for any late
submissions or loss of data where candidates have not followed instructions as set out
above.

END OF INSTRUCTIONS
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QUESTION 1

A government has just signed an agreement with a private consortium of investors to construct a
dual toll road (paid freeway), with 15 toll gates to replace an existing road. The private consortium
will be responsible for constructing, financing and operating the toll road for 20 years. At the end
of that period, the toll road reverts to the government with no additional payments.

Describe briefly the cashflows involved in this project and indicate whether the amount or timing
(or both) is fixed or uncertain, from the viewpoint of the private consortium of investors.

Set your answer out in a table format.
[Total 6]

QUESTION 2

On 8 June 2020, just as scientists were battling to study the COVID-19 virus, an article appeared
on one of the local news websites stating:

“The South African government relies on models from well-established modelers that suggest we
will have at least 40,000 deaths and about 1.2 million symptomatic cases by September 2020. On
the other hand, a group of non-affiliated modelers, called PANDA, assert confidently that South
Africa will not experience this level of Covid-19-related deaths and that it is unlikely we will exceed
10,000 deaths as a result of this pandemic. Whom then to believe?”

According to the South African government data, reported actual number of deaths due to COVID-
19 in South Africa by 20 September 2020 was 15,953.

Explain the discrepancies with reference to the limitations of modelling.
[Total 7]

QUESTION 3

A customer borrows R40,000 under a consumer credit loan. Repayments are calculated to give a
flat rate of 8.2%. Instalments are paid monthly in arrears for five years.

Calculate the Annual Percentage Rate of charge (APR) paid by the customer.
[Total 7]

PLEASE TURN OVER
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QUESTION 4

A fixed interest bond bears coupons of 8% per annum payable quarterly in arrears and is
redeemable at 98% of the par value, on any coupon date between 1 April 2027 and 1 April 2034,
inclusive, at the option of the borrower. Coupons are paid on 1 April, 1 July, 1 October and

1 January of each year.

The investor is liable to pay tax at a rate of 25% on the coupon payments and aimed to earn a
minimum net yield of 7.1% per annum effective on the bond.

Calculate the price at which the investor purchased R100 nominal of the bond, on 1 June 2021.

[Total 8]

QUESTION 5

i. Let d be the annual effective discount rate and d‘® be the annual nominal discount rate
compounded p"-ly per annum.

(p)
Starting with a series representing the present value of payments of T payable p" -ly in

(m\P
advance, derive (1—Tj =1-d . Show all your steps. [4]

ii.  Asum of R1,500 is accumulated at a rate of discount of 6.5% per annum convertible
quarterly for nine months, then at a nominal rate of interest of 7.5% per annum
convertible every four months for 24 months and finally at a constant force of interest of
5.25% per annum, thereafter.

Calculate the accumulated amount of the investment after four years.

[4]

[Total 8]

PLEASE TURN OVER
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QUESTION 6

A small investor expects to receive 50 annual payments starting at R10,500 at the end of the first
year, increasing by R500 each year thereafter. There is some uncertainty whether these payments
will be received.

Due to the uncertainty, the investor decides to increase the basic risk discount rate of 5% per
annum effective. The basic risk discount rate will be converted to an annual force of interest and
a constant 0,512% will be added to the annual force of interest.

I Calculate the present value of the payments.

[5]
Instead of increasing the basic risk discount rate the investor wishes to apply a probability which
would express the constant addition to the risk discount rate as an annual probability of non-
payment.

ii. Calculate the corresponding annual probability for non-payment.

[2]

[Total 7]

QUESTION 7

The force of interest 5(t), at time t is given by

0.05 for 0 <t <10
o) = )
0.003t +0.0002t for 10 <t

A continuous payment stream is paid at the rate of e %" per unit time between time t = 1 and
time t = 8. Calculate, showing all steps, the future value of this payment stream at time t = 25.

[Total 11]

PLEASE TURN OVER

A211 A2022 Page 5 of 8 ©Actuarial Society of South Africa



QUESTION 8

An investor borrows R1,200,000 at an effective interest rate of 7.25% per annum and invests the
money in a project that produces an annuity income of R140,000 per annum payable half-yearly
in arrears for 25 years. The income is first used to repay the loan.

Once the loan is repaid, the investor can earn interest at an effective rate of 5.5% per annum on
money invested from the annuity payments.

i Determine the discounted payback period for this investment.

[4]
ii. Determine the accumulated profit the investor will have made at the end of the term of the
annuity income.

[6]

[Total 10]

QUESTION 9

On 1 May 2021 the government of a country issued an index-linked bond of term 15 years
redeemed at par. Coupons are payable half-yearly in arrears, and the annual nominal coupon rate
is 3.5%. Interest and capital repayments are indexed by reference to the value of a retail price
index with a time lag of eight months. The retail price index value on September 2020 was
203.5 and on March 2021 was 206.

It is assumed that the retail price index increases at an effective rate of 7% per annum after
March 2021.

i Calculate the value of each of the first, second and last coupon per R100 nominal. Clearly
state the date on which each of these coupons will be paid.

[6]

ii. Calculate the real value of each of the first, second and last coupon per R100 nominal.

[6]
A tax-exempt purchaser of the bond, at the issue date, aims to secure a real yield of 4% per
annum convertible half-yearly.

iii. Write down, and simplify, the equation of value which will accurately calculate the price
which should be offered for this bond.

The equation must contain an annuity factor (with n >1) and a discount factor.

[4]
[Total 16]
PLEASE TURN OVER
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QUESTION 10

An insurance company has a portfolio of annuity contracts under which it expects to pay
R1,000,000 at the end of each of the next 20 years, followed by R500,000 at the end of each of the
following 20 years.

i Calculate the duration (discounted mean term) of the insurance company’s liabilities at a
rate of interest of 6% per annum effective.
[9]

The insurance company can only invest their funds into a government bond which pays a coupon
of 10% per annum in arrears and is redeemed at par in 15 years’ time. The yield to maturity of this
government bond is 6% per annum effective and a coupon payment has just been made.

ii. Calculate the duration (discounted mean term) of this government bond at a rate of interest
of 6% per annum effective.
[5]

iii. Explain why the insurance company cannot immunize its liabilities by purchasing
this government bond, only.
[2]

Iv. Explain, with reason(s), under which circumstances the insurance company would make a
loss if there was a small change in interest rates. No further calculations must be done.

[4]

[Total 20]

PLEASE TURN OVER

A211 A2022 Page 7 of 8 ©Actuarial Society of South Africa



Compound Interest

0 Y| A
6% n (1+7) v X a (Ia)m (Da }E[ n
i 0.060 000 1 1.06000 094340 10000 00434 00434 09434 1
o) 0.059 126 2 112360 0.89000 20600 18334 27234 27768 2
@ 3 119102 083962 31836 26730 52422 54498 3
i 0.058 693 4 126248 079209 43746 34651 84106 89149 4
A 0.058 411 5 133823 074726 56371 42124 121469 131273 5
6 141852 070496 69753 49173 163767 180446 6
& 0.058 269 7 L.30363 0.66506 83938 55824 21.0321 236270 7
8 159385 062741 98975 62008 260514 208368 8
d+ 1029563 9 163948 059190 114913 68017 313785 366385 9
: 10 179085 055839 131808 73601 369624 430085 10
1+0¥* 1014674 _ .
' 11 189830 052679 149716 78869 427571 518854 11
(1+i)y " 1.004 868 12 201220 049697 168699 83838 487207 602693 12
13 213293 046884 188821 88527 348156 691220 13
v 0043306 | 14 226090 044230 210151 92950 610078 784169 14
. : 15 239656 041727 232760 97122 672668 881202 15
w2 0.971 286
S 00g553g | 16 254035 039365 256725 101059 735651 982351 16
s ' 17 260277 037136 282129 104773 798783 1087123 17
! 0095156 | 18 285434 035034 309057 108276 861345 1195399 18
19 302560 033051 337600 111581 924643 1306981 19
d 0056604 | 20 320714 031180 367856 114699 987004 1421680 20
a 0057428 | 21 339956 029416 399927 117641 1048776 1539321 21
49 0057847 | 22 360354 027751 433923 120416 1109827 1659736 22
. 23 381975 026180 469958 123034 1170041 1782770 23
d 0058128 | 24 404893 024698 508156 125504 1229316 190.8274 24
25 420187 023300 548643 127834 1287565 2036107 25
- A1) -
i 1014782 | 75 454038 021981 591564 130032 1344716 2166139 26
i 1022227 | 27 482235 020737 637058 132105 1400705 2208244 27
A qop7aqp | 28 311169 019563 685281 134062 1455482 2432306 28
: et 29 541839 018456 736398 13.5907 1509003 256.8213 29
30 574349 017411 7903582 137648 1561236 2705861 30
ils 1.029 708
31 608810 016425 848017 130201 1612155 2845152 31
m ~ 12 645330 015496 008308 140840 1661742 2985993 32
ild LO44781 | 33 §84059 014619 0973432 142302 1709983 3128205 33
id® 1037227 | 34 725103 013791 104.1838 143681 173.6873 327.1976 34
o 35 768600 013011 1114348 144982 1802410 3416959 35
ird™  pro3z211
36 814725 012274 1191209 146210 1846596 3563169 36
37 863600 011579 1272681 14736% 1889440 3710537 37
38 015425 010924 1359042 148460 1930051 3858097 38
38 970351 010306 1450585 149491 197.1142  400.8488% 39
40 1028572 009722 1547620 150463 201.0031 4158951 40
41 100028 009172 1650477 151380 2047636 4310331 41
42 1155703 008653 1759505 152245 2083978 4462576 42
43 1225045 008163 1875076 153062 2119078 4615638 43
44 1298548 007701 1997580 153832 2152962 476.0470 44
45 1376461 007265 2127435 154558 2185655 4924028 45
46 1459049 006854 2265081 155244 2217182 507.9272 46
47 1546592 006466 2410986 155890 2247572 5235162 47
48 1639387 006100 2565645 156500 2276851 539.1662 48
46 1737730 005755 27293584 157076 2305048 5548738 49
50 1842015 0054290 2903359 157619 2332192 5706357 50
60 3298769 003031 533.1282 161614 2552042 730.6429 60
70 59.07593 001693 0679322 163845 2607117 8935809 70
80 10579599 0.00945 17465999 165081 279.0584 10581812 80
00 18046451 000528 31410752 165787 2840733 12236833 90
100 33930208 0.00295 56383681 166175 2886646 1380.7076 100
58
[GRAND TOTAL 100]
END OF EXAMINATION
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